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Abstract

The inspiration for this study comes from the problem < International Mathematics
Tournament of the Towns, Senior A-Level Paper, Fall 2009, No. 7 >. The problem can
be traced back to Martin Gardner's article The Rotating Table, which appeared in

Scientific American in Feb. 1979.

The original problem used a square table. This was generalized by Ted Lewis &
Stephen Willard to all regular polygons (1996), and then by Richard Ehrenborg & Chris
M. Skinner to arbitrary permutation groups (1997).

This study starts with the case of uniform polyhedron, and arrives at the
conclusions of the listed studies through the author's own, more natural methods of
proof. The author also modifies some of the problem's restrictions and finds upper and

lower bounds for each of the different cases (polygons, polyhedrons, permutation
groups).

The techniques applied in this study include group theory, mathematical induction,
and combinatorial design. The algorithm used in proofs of the lower bounds can be

applied to sync communication devices, allowing anonymous users to connect with

each other.
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(~ #3288 : International Mathematics Tournament of the Towns, Senior
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- At the entrance to a cave is a rotating round table. On top of the table are n

identical barrels, evenly spaced along its circumference. Inside each barrel is a

herring either with its head up or its head down.

- In a move, Ali Baba chooses from 1 to n of the barrels and turns them upside

down. Then the table spins around. When it stops, it is impossible to tell which

barrels have been turned over.

« The cave will open if the heads of the herrings in all n barrels are up or are all

down. Determine all values of n for which Ali Baba can open the cave in a

finite number of moves.
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Imagine a square table that rotates about its center. At each corner is a deep
well, and at the bottom of each well is a drinking glass that is either upright or
inverted. You cannot see into the wells, but you can reach into them and feel

whether a glass is turned up or down.

A move is defined as follows: Spin the table, and when it stops, put each hand
into a different well. You may adjust the orientation of the glasses any way

you like, that is, you may leave them as they are or turn one glass or both.

Now, spin the table again and repeat the same procedure for your second
move. When the table stops spinning, there is no way to distinguish its
corners, and so you have only two choices: you may reach into any diagonal

pair of wells or into any adjacent pair.

The object is to get all four glasses turned in the same way, either all up or all

down. When this task is accomplished, a bell rings.
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Dodecahedron and Compound of five Tetrahedra, from Wikipedia™".
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Cuboctahedron, from Wikipedia'®.
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Truncated Polyhedrons, from Wikipedia

MBE AR GREG B v R kA e w - s XA g
AEEL G A - g o plg W TR e, (HFRLE NG
B) o E L APERRE - P S ARMEDZENY B R A
i AT g i o

BT BED S GRS A T RIKM R, o Y LEEREL S G
Benfag o AP AL RET P o B TR% P AL BT

v
ipe ¥

@O

Rhombic Polyhedrons, from Wikipedia™ 7%,
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Rhombic Dodecahedron and Compound, from Wikipedia®**.
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Rhombic Triacontahedron and Compound, from Wikipedia™.
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Icosahedron and Star Polyhedrons, from I/Ifikzpedia353637.

31 http://upload.wikimedia. org/wikipedia/en/d/d8/Rhombic_dodecahedron.png
32 http://upload.wikimedia.org/wikipedia/en/e/ef

/Compound of cube and octahedron.png

33 http://upload.wikimedia.org/wikipedia/en/a/ae/Rhombic triacontahedron.pn
3* http://upload.wikimedia.org/wikipedia/en/d/d0/

Compound _of dodecahedron_and_icosahedron.png
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*Cube/Hexahedron 4,4, 4 8 2 2%*4
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*Dodecahedron 55,5 20 4 4%*5
*Cuboctahedron 3,4,3,4 12 4 2%2%3
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eIcosidodecahedron 3,5,3,5 30 6 5%3*2
*Snub dodecahedron 3,3,3,3,5 60 12 5%3*2%*2
*Truncated Icosahedron 5,6,6 60 12 5%3*2%*2
*Truncated Dodecahedron 3,10, 10 60 12 5%3*2%*2
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*Tetrahedron T (=4) 3,3,3 T (Self-Dual)
*QOctahedron O (=3*2) 3,3,3,3 C
*Cube/Hexahedron C (=T*2) 4,4,4 0)
eIcosahedron | (=6*2) 3,3,3,3,3 D
*Dodecahedron D (=T*5) 3,3,3,3,3 1
*Cuboctahedron CO (=3*2*2) 3,4,3,4 Cc/0
Icosidodecahedron ID (=0*5) 3,5,3,5 I/D
*Truncated Tetrahedron 3,6,6 T/T
*Truncated Octahedron 4,6,6 CcC/0
*Truncated Cube 3,8,8 C/0
*Truncated Icosahedron 5,6,6 I1/D
*Truncated Dodecahedron 3,10, 10 I1/D
*Rhombicuboctahedron 3,4,4,4 C/0/CO
*Rhombicosidodecahedron 3,4,5,4 I/D/ID
*Truncated cuboctahedron 4,6,8 C/0/CO
*Truncated icosidodecahedron 4,6, 10 I/D/ID
*Snub cube SCO (=CO*2) 3,3,3,3,4 C/0/SCO
*Snub dodecahedron SID (=ID*2) 3,3,3,3,5 1/D/SID
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*Tetrahedron 3,3,3 T (Self-Dual)
*Octahedron 3,3,3,3 C
eIcosahedron 3,3,3,3,3 D
*Truncated Tetrahedron 3,6,6 T/T
RigEAA BT oz 48
*Cube/Hexahedron 4,4, 4 O
*Dodecahedron 3,3,3,3,3 1
BETRIRAL S iov Bk
*Cuboctahedron 3,4,3,4 C/0
*Truncated Octahedron 4,6,6 C/0
*Truncated Cube 3,8,8 C/0
*Rhombicuboctahedron 3,4,4,4 CcC/0/CO
*Truncated cuboctahedron 4,6,8 CcC/0/CO
*Snub cube 3,3,3,3,4 C/0/SCO
B IR LG Ay i g
*Icosidodecahedron 3,5,3,5 I/D
*Truncated Icosahedron 5,6,6 1/D
*Truncated Dodecahedron 3,10, 10 I/D
*Rhombicosidodecahedron 3,4,5,4 I/D/ID
*Truncated icosidodecahedron 4,6, 10 I/D/ID
*Snub dodecahedron 3,3,3,3,5 1/D/SID
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Science is always wrong.
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The Rotating Table

Abstract

The inspiration for this study comes from the problem “International Mathematics

Tournament of the Towns, Senior A-Level Paper, Fall 2009, No. 7”. The problem can

be traced back to Martin Gardner's article The Rotating Table, which appeared in

Scientific American in Feb. 1979.

The original problem used a square table. This was generalized by Ted Lewis &

Stephen Willard to all regular polygons (1996), and then by Richard Ehrenborg & Chris

M. Skinner to arbitrary permutation groups (1997).

We will analyze the generalization of this problem onto the Platonic solids with

the following rules:

+ Imagine a spherical table that rotates about its center. At each vertex is a deep well,

and at the bottom of each well is a drinking glass that is turned either up or down.

+ You cannot see into the wells, but you can reach into them and feel whether a

glass is turned up or down.

« A move is defined as follows: Spin the table, and when it stops, put each of k

hands into a different well. You may adjust the orientation of the glasses any way

you like, that is, you may leave the glasses as they are or turn any number of them.

+ Now, spin the table again and repeat the same procedure for your second move.

After each spinning of the table, you have no way to distinguish the vertices except

by their relative position.

« The object is to get all glasses turned in the same way, either all up or all down.

When this task is accomplished, a bell rings.

We now start discussion of the various cases from the easiest one.



Tetrahedron

There are 4 vertices within a tetrahedron. According to Ted Lewis and Stephen
Willard’s analysis, we have the number of hands “k” satisfied that

(writing on "The Rotating Table™ in Mathematics Magazine (53, 1980,pp. 174-1 75))

1 1
kz|l—-)Jn=(1—-2-)4=2
p 2

which says that two hands are enough to ring the bell.

Lower bound

However this isn’t right. Since any two vertices of a tetrahedron are adjacent, the table
can always spin the vertices into the two positions that haven’t been covered by the

hands.

The 4 vertices of the “tetrahedron” behave like an irreducible number, forcing us

to require 3 hands.

1 1
kz|l—-—-|n=|1—-1]14=3
D 4

Upper bound

To show 3 hands are enough, we can first turn any 3 glasses up. On our second move,
we again pick any 3 glasses. If we feel any glass turned down, we turn it up, and all the
glasses will be up; otherwise, we turn all 3 glasses we feel down, and all 4 glasses will

be down.



Octahedron

The octahedron has 6 vertices. From the preceding discussion we find

1 1
kz|l1—--)n=(1—--)6=4
p 3

Which says that 4 hands are enough.

This is correct because we can really use the strategy from the hexagon on the
octahedron! (Strictly speaking, the octahedron is harder because its permutation group

is larger, but luckily our strategy is still valid.)

The correspondence is as follows. We split the octahedron’s vertices into three
pairs: front and back, left and right, and top and bottom. These can be corresponded to

the three opposing pairs of the hexagon.

Lower bound

The proof of the lower bound is similar. Consider two opposing faces (both triangles) of
the octahedron. If the number of hands is less than four, then one of these triangles will
only be probed by one hand. We have just proved that under this condition, there is no
way to guarantee that the glasses in this triangle can be flipped to matching orientations,
not to mention the entire octahedron.

Upper bound

The strategy is essentially the same as the one used for the hexagon: flip two opposing
pairs to face down, and then flip one triangle of glasses to face down. Now, if the bell

hasn’t rung, then there’s exactly one glass facing up.

Now, pick two opposing pairs to probe. If the glass facing up is found, flip it to
face down, and the bell will ring. Otherwise (all four glasses are facing down) flip one



glass from each pair to face up. Now, every opposing pair of glasses is oriented in
different directions.

Now, pick an arbitrary triangle of glasses and flip all of them, so that every
opposing pair of glasses is oriented in the same direction. The rest of the strategy is the

same as the triangle.

Cube

Again, we observe that the cube can be seen as two superposed tetrahedrons:

Thus, even though the cube has eight vertices, its “prime decomposition” is

actually:

Cube(8) = 2 x Tetrahedron(4)

So the previous relationship should be written:

1
= — —
k2|1 Tetrahedron(4) Cube(8) =6

Lower bound

Similar to the previous lower bounds, we consider the two tetrahedrons that combine to
form the vertices of the cube. If there are less than six hands, then one of the
tetrahedrons will only receive two hands, and we have proved that the goal cannot be
reached under this condition. So, again, since this tetrahedron cannot be completed, the
whole cube cannot be completed either.

Upper bound

The strategy is very similar to the octahedron. First, flip three opposing pairs of glasses
down. Next, flip one tetrahedron of glasses down. Now, if the bell hasn’t rung, exactly

one glass is still facing up.



Now, touch three pairs of opposing pairs again. If the glass facing up is felt, then
the bell will ring when we flip it. Otherwise (all six glasses face down) we can flip one
glass from each pair. Now, every pair of opposing glasses is facing in opposite

directions.

Now, we flip any four glasses that form a tetrahedron. We can now use the
strategy for the tetrahedron to complete the task.

Icosahedron

We can prove that the icosahedron can be seen as six pairs of “2-gon”, so:

1
k> 1_6 12=10

Lower bound

We will call any position without a hand a “foot”.

If there are three or more “feet”, then there must be two feet whose distance is
not equal to 3. Now, whether this distance is 1 or 2, we can construct a “walk” across
the vertices of the icosahedron with this distance. Then, as long as the glasses are not all
oriented the same way, one of the steps in our walk will pass through two glasses

oriented differently.

If the table always rotates so that the pair of feet coincides with this step, we
won’t be able to flip either of these two differently oriented glasses. This means that we
will never be able to force a “last step” that will complete the icosahedron. So, if we

have 3 or more feet, the table can force the operations to go on forever.
Upper bound

Again, a strategy similar to the octahedron can be applied. First, flip five pairs of
opposing glasses down. Second, pick one glass from each opposing pair, and flip all

these glasses down. Now, if the bell hasn’t rung, then exactly one glass is still facing up.

Now, touch five pairs of opposing glasses again. If the glass facing up is found,

the bell will ring once we flip it. Otherwise (when all ten glasses face down), flip one



glass from each pair up, so that each pair is facing in opposite directions. Now, each

pair of opposing glasses is oriented differently.

Finally, we flip one glass from each pair of opposing glasses, so that each pair of
opposing glasses is oriented identically. The rest of the strategy is the same as that for

an “irreducible hexagon”.

Dodecahedron

The dodecahedron can be seen as the combination of five tetrahedrons:

1
kz|1—-]120=
5

Lower bound
Once more, we call any position without a hand on it a “foot”.

If there are five or more feet, then some pair of feet must have a distance not
equal to 3; thus, the distance must be 1, 2, or 4. Then, we can construct a “walk” across
the vertices of the dodecahedron with this distance. As long as the glasses of the
dodecahedron are not all oriented the same way, one of the steps in our walk will

coincide with a pair of differently oriented glasses.

So again, the table can rotate so as to force this pair of feet to coincide with a
pair of differently oriented glasses. Then, since we won’t be able to flip either glass of

this pair, we can never complete the dodecahedron.
Upper bound

The strategy is again similar to the octahedron. First, except for some five glasses which
form a pentagonal face, flip all the glasses to face down; next, flip four of the
tetrahedrons to all face down. Now, if the bell hasn’t rung, then exactly one glass is still

facing up.



Now, touch four of the tetrahedrons. If the glass facing up is touched, the bell
will ring after we flip it. Otherwise, if all the glasses we touch are facing down, flip one

from each tetrahedron, so that each tetrahedron has just one glass facing up.

The last step is to apply the second step from the strategy of the tetrahedron
simultaneously on all the tetrahedrons, so that the glasses in each individual tetrahedron
are oriented the same way. Now, the dodecahedron can be completed by a similar

strategy to the pentagon.
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