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Abstract:

This paper startes with three equations of tan™" and the Fibonacci sequence combined with the
diagrams used to prove the three equations without words. According to the principle of mathematical
induction, we continued to find out the similar equations of the Lucas numbers and the second-order liner

recursive sequences as follows.
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In the end, we discussed the positive integer solutions of tan 5 +tan” —=tan  — extended
c a

from the three equations of Fibonacci numbers.
We design a program to figure out the solutions and obtain the regulation as follows.
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1 2 1G2 -1
arctanGL + arctanGL = arctan — 2 )
,. i+ D> G +(G,G,-1)
k=2

i>2

R AP

PRI RG] e VT HHINE Y Gl =66, +G -GG, , ieN [2]
k=1

Tk = 2 PN R 2R 5.1
ZGZ :(ZGZJ_GIZ =G,G, +G12 -GG, _G12 =G,G, -GG, GG, = ZGZ +G,G,
=2 =1

k=2

DIEZRNE
GG, = ZG; +G,G,

k=2

ieN
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51— :‘\IFIQ%FIEJ :

N

tan[

arctan —

! + tan arctanL
G, G,

A N 1 1
P =V = tan| arctan— + arctan— | =
G 1 GZ

1 1
- + .
G, G, G, +G, G,
1_i L Gle 1 G1G2_1
Gl GZ
X G,
r n| arctan =
GG—I G,G, -1
=

SRV

1- tan[

arctanL tan arctani
G, G,

RS 1
i 1=\ = tan| arctan— + arctan
G

i

1- tan(arctan —

tan arctanL + tan arctanL
1 _ Gi Gi+1
i+1 1 1
tan| arctan——
G' Gi+1
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5- }?EFZI]‘— = tan ™ %+ tan™' % —an" L Elfif*@ﬁjél

RIS R R P ST A Y
ﬁjﬂl o E[ﬁ\ %[P‘Q{l :

A
(ab~b)
(a~1) L. (¢c~1 (ab+1 ~ b-a)
y=1
> X
(1~-a)

o b-a o ab+1

k], ty= Tl y=1 D HBEC, 1), Thc= ,
ﬁnzyaxﬁnyﬁ«zfﬁ!ﬂc){ﬂjcb_a
Filab,e)F| IR, [ T
tan‘ll+tan 1=tan 1 (%)

c a

A T
J(*)tlﬂtn JL@ F[J~ A=t ,F‘sr lg,rjulr (a,b,c) F[JEETZ‘QWJR ;ﬁ:P I ;plﬁqﬁm/fiﬂﬂaj\cg "F”
%F[Fﬁ%l P HORLE PRt o = AR (BT = ) HsRenCoOpy 1.0 O”'}ﬁﬁzgnfi(m,y )
= PP T ) A - TSR R R 9 R R
5 IFEJH‘?JE PRI R

"
i

a b c
i i+1 i +i+1
2i+1 2143 2°+4i+2
FZi F2i+l F2i+2
o : 'y a1 a1 .
[ S A tan” —=tan  ——+tan" — , ieN
i i+ iT+i+1
T S a1 = 1 ,
s IR tan = tan +ttan” ———— |, ieN
2i+1 2i+3 2i"+4i+2
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Begin VB.Form Forml
AutoRedraw = -1 'True
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End
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Else
arr(b, a) = "X"
End If

Next
Next
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Print Space(1l); Str(1);
Next

Print

For b =1 To 100
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'End If
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End Sub
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Next
Print
Next
End Sub

Private Sub Commandl Click()
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Trigonometric Identities at the Intersection of

Geometry, Algebra, Number theory, and Recursion.

Abstract:

This paper starts with three equations of the arc-cotangent function and Fibonacci
sequences in Ko Hayashi’s paper, which are illustrated without words by diagrams for
two initial values. First we manage to prove the three equations by inductive
reasoning and analytic geometry. Then we go on to find out similar equations of

Lucas numbers and second-order liner recursive sequences as follows.

Theorem 4:
L
-1 -1 -1 Ly,
cot” L, +cot L,  =cot —=l
2n+2
_ _ 4L, =2
cot' L,  +cot” L, =cot ==l =
2n+1
neN
Theorem 5:
_ _ L, GG, -1
cot” G, +cot”' G, =cot ' L2 —
3
> G +GG,-1
cot' G, +cot™' G,,, =cot ™ £2 G ,n>2,neN
n+2
Theorem 6.
_ _ 4, F -1
cot' F +cot™' L =cot™ 21—
n+l
Theorem 7.
L, .-2 F ., -1 F,_,-1
cot™ F, +cot” =8 _Z=cot ! 24 cot ! St

2n+3 2n+2 2n+3



In the end, we deal with the positive integer solutions of ab+ac+1=bc,

ac+2ab+4=bc,and ab+2ac+2=bc, which is extended from the three equations

of Fibonacci numbers. We design a computer program to figure out the solutions as

follows.
a b c
FvZn F2n+1 F'2n+2
n n+1 n’+n+l
2n+1 2n+3 2n* +4n+2
F2n F2n+l /2 F2n+3
n 2n+1 2n* +n+2
n 2n+2 n?+n+l




1. Motivation

During last summer vacation we read a short math paper by Ko Hayashi, who

presents three equations of Fibonacci numbers and the Arc-cotangent function:

cot ' F, =cot™ F

2n+l1

+cot ' F,,,,,neN (1)

F.
cot ' =22 —cot™ F, +cot'F, ,,neN )
2 2n+l1 2n+4
F.
cot'F, =cot"' 2t 4ot F, .. neN 3)
2n 2 2n+3

The Fibonacci sequence {f,} ., =1{1,1,2,3,5,8,13,21,---}

Hayashi illustrates the three equations respectively with diagrams for two initial
values 1 and 2. That is, there are six diagram proofs without words. For example, the
following diagram, the first of the six, illustrates the first equation for n=1.

cot'2+cot"3=cot™'1

Fig 1.  Proof without words of cot™' 2 +cot'3=cot™'1

Hayashi states that only the first equation is evident in the literature. The second

and third equations seem to be totally new.

Hayashi’s short paper fascinated us. The combination of Fibonacci numbers and
the arc-cotangent function was amazing enough, let alone the beautiful overlapping
grids that served as proofs without words! However, after careful study, we began to
raise questions that Hayashi’s short paper failed to answer. The special cases for two
initial values did not guarantee the rightness for the following values. Also, no formal
proofs were provided for the second and third equations. Hence, our research work

was activated.



In order to prove Hayashi’s identities, we apply algebraic techniques and analytic
geometry, trying to deal with the problem from a different perspective.

First, we find a new way of overlapping the grids:

(1) 3x3

I

vl — 36

Proof:

cot”'2=/1

cot"'3=,2

A+ /2 =45
cot”'1=45°
s.cot'24cot'3=cot™'1
(2) 5%5

/
e g VA
N

Proof:

cot™ E =/1
2

cot'5=1,2
A1+ 22 =45°
cot'1=45°

3
scot'l=cot"' =+cot™5



(3) 5%5

2(

Y @

N2

Proof:
cot'4=/1

cot™ % =/2

A1+ /2 =45°
cot'1=45°

5
s.cot'l=cot ' 4+cot =

(2) (at+b)<(atb)

Proof:
b
a
a
b a
a
B
al\L ’
b a
_ b . . -1 b -1 b+ a -1
cota =— —> o =cot ' = Fig 2. Proof without words of cot™ —+cot” ——=cot 1
a a a b—a
cot = bta — B =cot™ bra
b—a b—a

tan(a+pf)=1>a+f=cot”1

b ab+a
s.cot” —+cot

=cot'1
a b—a




A major assumption of ours is: if Hayashi’s three identities are evident, they
shouldn’t be isolated cases. Since Fibonacci numbers and Lucas numbers share
similarities, there must be similar equations of Lucas numbers if the three equations of
Fibonacci numbers are evident. In addition, since Fibonacci numbers and Lucas
numbers are basic second-order liner recursive sequences, there probably exist similar
equations of general second-order liner recursive sequences. What’s more, if
equations of Fibonacci numbers can be illustrated by diagrams of overlapping grids,
equations of both Lucas numbers and general second-order liner recursive sequences
can also be illustrated the same way.

Our research is divided into three parts. For the beginning part, we formally prove
Hayashi’s three equations of Fibonacci numbers and the arc-cotangent function,
accompanied by diagrams of overlapping grids. In the second part, we generalize
equations of Fibonacci numbers to those of Lucas numbers, and hence obtain new
equations of Lucas numbers and the arc-cotangent function. For part three, we go on
to create new equations of general second-liner recursive sequences and the

arc-cotangent function.



II. Methods, Process, & Results

Part 1: Equations of Fibonacci numbers and the arc-cotangent function & the
overlapping grids

Theorem 1:

-1
+cot™ F}, ,,

cot ' F,, =cot™ F

2n+l1

neN

Algebraic proof of Theorem 1:

1. Wehave cot™' F,=cot”' F,+cot"' F, as n=1
2. Suppose that cot™ F,, =cot™ F,,,, +cot ' F,,,,,

. F, L F, -1
Then we obtain that F,, = %
_l’_

2k+2 2k+
= Ey B = o o = i By
3.Let n=k+1. We have
F2k+4F2k+3 _F2k+4F2k+2 _F2k+3F2k+2

- (F2k+3 +sz+2 )F2k+3 _(F2k+3 + F2k+2 )(F2k+3 _F2k+1)_F2k+3 (F2k+1 +F2k)

o 2 2
— F2k+3 + sz+3sz+2 _sz+3 _sz+3sz+2 + sz+3sz+1 +sz+2sz+1 _sz+3sz+1 _sz+3sz

= F2k+2F2k+1 _(F2k+2 + F2k+1 )sz
= F2k+2F2k+1 _F2k+2F2k _F2k+1F2k :13

- F _ sz+4sz+3 -1
cc T 2k+2 T Ja Ja
23 T Lopia

—1 _ -1 -1
=cot F,, =cot F,  +cot F,, ,

-1 -1 -1
Therefore cot™ F,, =cot™ F,,, +cot™ F,,,, as n=k+1.



Geometry proof of Theorem 1:

Y
A
F (F2n+1F'2n b F'2n+l )
D(F, .F, +1F, . —F,
yzl A(szn,l) L2 ( 2n+1" 2n 2n+1 2 )
a
1 > X
O B(FZnHF'Zn + 1’ 0)
E(1,-F,,)
Fig 3.  Illustration of Theorem 1
Let ZFOD=a, /DOB=]3
; Fz +1 _Fz

We obtain L,:y=—22#—20x and cot(a+p)=F,.

F'2n+1F12n +1
Hence a+pf=cot™ F,, .
Similarly, in AODF (AOBD), we have

By —\Fs, +1 F,.F, +1
cota = 2= =—=F,.,, cotff=—2r2_— 242
F'22n +1 F2n+l - FvZn

Hence a=cot'F,,,,, f=cot’' F, ,.
Combining these formulae, we have cot™ F, =cot' F, , +cot' F, ,.



Theorem 2:

F.
cot™ % =cot'F, . +cot'F neN

2n+l1 2n+4>

Algebraic proof of Theorem 2:

1.We have cot™ % =cot'F,+cot™' F, as n=1

L F _ .
2.Suppose that cot™' —22 =cot™ F,,,, +cot™ F,,,,,
than we obtain Fn — FyiaFpn —1
F'2k+1 + F;k+4

2sz+4sz+1 -2= F2k+2F2k+l + sz+2sz+4
2sz+4sz+1 _F2k+2F2k+1 - F2k+2F2k+4 =2
3Let n=k+1. We have

2F2k+6F2k+3 - F2k+4F2k+3 _F2k+4F2k+6
= 2(F2k+5 + F2k+4 )sz+3 _(F2k+5F2k+4 )F2k+4_F2k+4F2k+3
= 2sz+3 (2sz+4 + F2k+3 )_ (2sz+4 + F2k+3 )F2k+4 _F2k+4F2k+3
2 2
=AFy 3 Fypy +2F, 5 —2F, . —2Fy By,

2 2 2
- 2sz+4sz+2 + 2sz+4sz+1 + 2sz+3 _2sz+3 _4F2k+3F2k+2 _2sz+z

2

- 2F2k+4F2k+1 + 2sz+4sz+2 _2F2k+3F2k+2 _2sz+3sz+2 _sz+2

==-2F, ,F,, ., +2F,, ,F

2k+37 2k+2 2k+47 2k+1

= 2F2k+4F2k+1 _2(F2k+4 _F2k+2 )F2k+2

=2F) P = 2F5 0 Fopn + 2sz+22

= 2P gtk = FopnBops = Fopn P + 2F2k+22

= 2F B — Fopn Fopes = Fopio (2F2k+2 +sz+1)+ 2F2k+22

= 2F B — FopnFopia _2F2k+22 —Fyn b + 2FZk+22 =2

F;k+2

-1 -1 -1
Therefore cot =cot” F,,, +cot” F,,,, as n=k+1.



Geometric proof of Theorem 2:

y
A
E (F'2n+lF’2n+2 s 2F‘2n+l )
F(F,. F,, ,+22F,  —F
y — 2 D(anJrz, 2 L2 ( 2n+1" 2n+2 2n+l1 2n+2)
a
# > X
O C(F'2n+lF’2n+2 + 2’ O)
B(2’ _F'2n+2)
Fig 4.  Illustration of Theorem 2
Let OD=K
2
tan(a+ ) =
F2n+2
K 1 1
tana = =— a =tan
F2n+1K F2n+1 2n+l1
ﬂ — tan71 M — tan71
F'2n+1F2n+2 + 2 F2n+4
.. F.
Combining these formulae, we have cot”' 22 =cot™'F,  +cot™' F,,,,. O
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Theorem 3:

-1
cot” F,,

F,
=cot™! % +cot ' F

neN

2n+3°

Algebraic proof of Theorem 3:

F.
1. We have cot™ F, = co‘[_173+cot‘1 F, as n=1

2. Suppose that cot™ F,, =cot™ %4‘ cot”' F,

2k+3*
. F, F, .—2
Than we obtain that F,, =—2&2-2k3 =
2F;k+3 + F;k+2
F2k+3F2k+2 - 2sz+3sz - F2kF2k+2 =2
3.Let n=k+1. We have
F2k+5F2k+4 _2sz+5sz+2 _sz+4sz+2
= (F2k+4 + sz+3 )(F2k+3 + sz+2 )_2sz+2 (F2k+4 + F2k+3 )_sz+2 (F2k+3 + sz+2)

L 2 2
- F2k+4F2k+3 +F2k+4F2k+2 +sz+3 +F2k+3F2k+2 _2sz+4sz+2 _2sz+2sz+3 _F2k+3F2k+2 _sz+2

2

_ 2
- sz+4sz+3 _F2k+4F2k+2 _2sz+2sz+3 +F2k+3 _sz+2

2

2
- sz+3 (sz+3 +sz+2)_sz+2 (F2k+3 +F2k+2)_2F2k+3 (F2k+l +sz)+sz+3 _F2k+2

2 2

_ 2
- sz+3 +sz+3sz+2 _F2k+3F2k+2 _F2k+2

2
_2sz+3sz+1 _2sz+3sz +F2k+3 _sz+2 _2sz+3sz

2 2
= 2(F2k+3 —Fy )_ 2F 30 —2F 5 F,

2
2(2F2k+2F2k+3 _2sz+2 +sz+3sz+1 _sz+2sz+1 )_ 2(sz+3sz+1)_2sz+3sz

2
- 4F2k+2F2k+3 _42k+2 _2sz+2sz+1 _2F2k+3F2k

= F2k+2 (4F2k+3 _4F2k+2 _2sz+1)_2sz+3sz

- F2k+2 [4(F2k+2 + F2k+l)_4F2k+2 _2F2k+1]_2F2k+3F2k
= Fy.s (2sz+1 )_ 2F),

= F2k+2 (F2k+3 _FZk)_2F2k+3F2k
= Fy3Fop —2Fy 3 Fy —F By =2

2k+37 2k+1

Therefore F,, ,F,,, —2F, ;F —Fy Fyy as n=k+1.
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Geometric proof of Theorem 3:

Let OA=K

tan (o + f3) :FL

2n

2K = 2 S.o=tan
£,.K  F

2n+2 F2n+2

F__-2F 1
[ =tan™' —2m2 " 2n _ gy

F‘2n+2}72n +2 F

2n+3

tano =

.. F,
Combining these formulae, we have cot™' F,, =cot ' —2L+cot ' F,, ., .

y
A
B (FVZHF'Z)HZ s F'2n+2 )
C(F,, ,F, +2,F, ,—2F,
y=2 A(F'2n32 L2 ( 2n+2 2n+ s L0 2n)
(24
IB » X
O E(F'2n+2F'2n + 29 0)
‘l)(:z’__zjuén)

Fig 5.  Illustration of Theorem 3
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Part 2: Equations of Lucas numbers and the arc-cotangent function & the
overlapping grids

In this part, the relation between Lucas numbers and the arc-cotangent function is
established, which leads to new equations. The research methods involve

trigonometry and algebra, plus properties of Lucas numbers.

The Lucas numbers are defined by L, =1,L,=3,L ., =L +L ,,neN
The ten initial values are listed in the following table.
N 1 2 3 4 5 6 7 8 9 10
Ly 1 3 4 7 11 18 29 47 76 123

. tan ftana —1
First, we apply cot(a + f) = 'B—
tano + tan
We make cota =3,cotf=4,---, in order to figure out the relation between Lucas

numbers and the arc-cotangent function. We thus obtain two new findings.

(D

L
cot™' L, +cot™! L, =cot™ =23
L,

_ _ L
cot”' L, +cot™" L = cot ™ =22
L()

L
cot ™' L, +cot™' L, =cot™ —¢Z
L8

L

cot ™' Ly +cot™ L, =cot™ =2
10

_ _ oL
cot ' L, +cot L, =cot™ =L

12

11
Example:cot™' 3+cot™' 4 =cot™ =
3a a

_b

11c 4b

13
Fig 6.  Proof without words of cot™'3+cot™'4=cot™ %




2)

- _ aL,,-2

cot™ L, +cot™' L, =cot ' 12—
3

- _ L, =2

cot ™' L, +cot' L, =cot ™ 2=
5

- _ gL —2

cot™ Ly +cot L, =cot™ 6=
7

L,.—2

cot” L, +cot™ Ly =cot =

9

- - Ly, —2
cot™' Ly +cot™ L, =cot ' —210_=
11

Example:cot™ 4+cot™ 7 =cot™ 27

11

Fig 7. Proof without words of cot™' 4+cot™' 7=cot™ %
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Accordingly, we create a few theorems, which will later be proved by
trigonometry and known properties of Lucas numbers. From the known Lucas
property LyLi=Ly+m+(-1)"Lym , n>m [2], we obtain theorem4.1:

Lemma 4.1:

Let <Ln> equals to Lucas numbers, k € N, than

LiLi,=Ly,+ (_ l)k

Theorem 4:

L
-1 -1 -1 Ly
cot L, +cot L, =cot  —=L
2n+2
- _ oL, -2
cot 'L, ,+cot” L, =cot” =L =
2n+l1
neN
The Proof of Theorem 4:
The first identity:

cot(co‘[_1 L, +cot™ LG+1 ot(cot 4”“]

2n+2

cot(cot L, +1)cot(cot L2n> 1

cot(cot L2n+1)+cot(cot ) L.,
L L, -1 L

PN —

4n+1

=

2n+l — T4n+l

L2n+1 + L L2n+2

= L2n+1L 1 — L4n+l
L L

2n+2
< lﬁn+l4_1 ‘LZWL

2n+2

2n+l1

Than apply Lemma 4.1
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The second identity:

cot(cot L,  +cot'L, ot(cot J
2n+1
cot(cot L, 1)cot(cot LG) 1 L
P 4p-1
cot(cot L2n_1)+cot(cot ) L,
P L2n +L2n—l — L2n+l
LGLG—l -1 L4n—1 -2
L2n+l _ L2n+l

LZnLZn 1 4n—-1 2

-1 L
g L4n—1 1 LZnLZ

Than apply Lemma 4.1.
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Part 3: Equations of second-order liner recursive sequences and the
arc-cotangent function

Here we define a new recursive sequence D(1,4) as follow:

Sequence <Dn> satisfies D, =1,D,=4,D,,=D,  +D ,neN.

n+l n?

The ten initial values are listed in the following table.

n 1 2 3 4 5 6 7 8 9 10

D, 1 4 5 9 14 23 37 60 97 157

Something different from what we have found in the Fibonacci numbers and the

Lucas numbers in observed here in the sequence D(1,4) — the assumed (D, -D,)

seems to be the answer. However, what is true with the sequence D(1,4) also

applies to the Fibonacci numbers and the Lucas numbers. To modify the assumption,

we go on with the following new equations:

1. The new equations of the Fibonacci numbers:

N 1 2 4 5 6 7 8 9 10
Fi 1 3 8 13 21 34 55
F -F
cot”' F, +cot' F, =cot ' —2—L =cot ™ 9
I 5
2
cot”' F, +cot” F, =cot™ £+0
4
2 2
cot”' F,+cot”' F, =cot™ Loy
5
cot™ F,+cot ' F, =cot™' EAR+F
4 5 F
cot”' F,+cot™' F, =cot™ FAF A+
5 6
FE

7
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2. The new equations of the Lucas numbers:

n 2 3 5 6 7 8 9 10
L, 3 7 11 18 29 47 76 123
L,—-L 2
cot™ L, +cot™' L, =cot™ —2—L = arctan —
3 3
2
cot™' L, +cot™' L, =cot™ L+2
4
L+ +2
cot™' L, +cot™ L, =cot™ e e e
5
2 2 2
cot”' L, +cot™ Ly =cot™ Litlivly+2
L()
LC+L+L+L0+2
cot™' Lg+cot™ L, =cot™ = e B
L7
3. The generalization to the recursive sequence
<E,>: E,=LE,=nE ,=E +E  ,neN.
In the following are the ten initial values.
n 3 4 5 6 7 8 9 10
E, I+n | 1+2n | 2+3n | 3+5n | 5+8n | 8+13n | 13+21n | 21+34n
EE, -1 -1
cot™ E, +cot™ E, = cot " L2 = cot ' L=
E3 E3
2 Ej4n-l

cot”' E, +cot™ E, = cot
cot” E, +cot”' E, = cot
cot”' E, +cot™' E, = cot

cot E, +cot”' E, = cot

4
LEI+EI+n-1
E

5
LE+E +E; +n-1

E6
LWEIHE +E+E;+n-1
E

7
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4. Further generalization H2,n) <H,>: H,=2,H,=n,H, ,=H +H,  ,neN
In the following are the ten initial values.
H 1 2 3 4 5 6 7 8 9 10

H, 2 n | 2+n | 242n | 4+3n | 6+5n | 10+8n | 16+13n | 26+21n | 42+34n

HH, -1 2n—1
cot™ H, +cot™ H, =cot 2~ — cot =2
H3 H3
L H;+2n-1

cot”' H, +cot™ H, = cot
4

H}+H; +2n-1

HS
L H+H;+ H)+2n-1
H

6
GHI+H;+H;+H,+2n-1
H7

cot' H,+cot™ H, =cot”

cot”' H, +cot™ H = cot

cot”' H, +cot™ H, = cot

Now we are confident to modify the assumed (D,—D,) into DD, -1, and

hence create the general second-order liner recursive sequence.

5. We defined the recursive sequence
<Gp>:G,=4a,G,=b,G,, =G, +G

i+1°

i>1,ieN.

And the ten initial values are listed as follows:

N | 1]?2 3 4 5 6 7 8 9 10

G, | a b | atb | at2b | 2a+3b | 3a+5b | 5a+&8b | 8a+13b | 13a+21b | 21a+34b

We fined:
bxa-1 ab-1

b+a a+b
(a+b)xb=1_b*+ab-1

(a+b)+b © a+2b
(a+2b)x(a+b)-1 _(a+b)’ +b*+ab-1

(a+2b)+(a+D) 2a+3b
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We thus came up with Theorem 5:

Theorem 5:
- _ 466G, -1
cot” G, +cot”' G, =cot ' 12—
3
> G +GG,-1
cot' G, +cot™' G,,, =cot ™ £2 ,n>2,neN
Gn+2

Algebraic proof of Theorem 5:

First, for Lemma 5.1, we makes k=2 in the addition formula of second-order liner

recursive sequence: Y G; =G,G,, +G’ -GG,, ieN [2].

i+l
k=1

i

DG = (ZGij—Gﬁ =GG,,+G -GG,-G' =GG,, -GG, < GG, =) G +GG,
k=1 k=2

i i+l
k=2

Lemma 5.1:
GG, = z sz +G,G,
k=2
ieN
The first identity:

cot (cot_l G, )COt (COt_l G, ) -1
cot (cot_1 G, ) +cot (cot_l G, )

left identity = cot (cot*1 G ,+cot™ Gz) =

_GG,-1_GG,-1
G+G, G,

right identity = cot(cot‘1 GG, _lj _ GG, -1

G3

3
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The second identity:

cot(cotf1 G, ) + cot(cot*1 G, ) -1

left identity = cot(cot’l G, +cot™ G,Hl) = cot(cot_l G )+ cot(cot'l c )
n n+l

Y G +GG,-1
k=2

_ GnGn-H _1 _ GnGn+1 _1 _ k=
Gn + Gn+1 Gn+2 Gn+2

Y. G+(GG,-1) | Y. GI+(GG,-1)
right identity = cot| cot ™' 4=2 — k=2

Gn+2 Gn+2
Geometric proof of Theorem 5:
A
B(GiK,GiGi:»)
C(GK+ Gi2,GiGi2K)
L2
AK,Giz
B >
O »

D(Gi2,-K) Fig 8.  Illustration of Theorem 5

Let K, = ZG,? +(G,G, 1), than according to Lemma 5.1, we get K, =(G,G,,, —1).
k=2
G K> +G’
cota = n n n+2 — Gn
K}f + G)12+2
tﬂ Gn(GnGnH _1)+Gn+2 GjGnJrl _Gn +(Gn +Gn+1) G11+1(G13 +1) G
CO - = = =
Gn Gn+2 - (Gn Gn+1 - 1) Gn (Gn+2 - Gn+l ) + 1 G}f + 1 "
K

cot(a+f)=—2 O

G

n+2
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Part 4: Formulae involving both the Fibonacci Numbers and Lucas Numbers

Thus far all the identities are expressed in terms of one particular sequence of
numbers. So we want to combine at least two sequences into one identity, and the
following Theorem 6 comes from the result after combining the Fibonacci numbers

and the Lucas numbers.

Theorem 6.

F, -1
cot”' F, +cot” L, =cot™ 22—

n+l

Proof: Take the cotangent on both sides of the identities and apply the Lemma 6.1
&6.2.

Lemma 6.1: F,+L =2F,
Lemma 6.2: F /L =F

Al

We note that the above result is essentially based on decomposing an angle into
two smaller ones. What if the angles be decomposed further? Indeed, more interesting

identities are produced this way.

According to Theorem 1, Theorem 4, and Theorem 6, we obtain a new identity as

follow:

L, -2
-1 -1 -1 -1 _ -1 -1 Ly,3
(cot F,,tcot” F, ) + (cot L, +cot LG+z) =cot  F, +cot” ———
2n+3
F,,.,-1 F,., -1
-1 -1 -1 -1 _ -1 2 4n+2 -1 % 4n+4
(cot F,,,tcot L, , ) + (cot F,,., +cot LG+z) =cot —=———+cot ———
2n+2 2n+3

Then we get the Theorem 7

Theorem 7.

L, ..—2 F, . -1 F, ., -1
cot ' F,, +cot™ 8= cot ' A2 4 oot Amd

2n+3 2F’2n+2 2F;n+3
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We remark that all our results can be doubled instantly since the tangent function
and the cotangent function are reciprocal to each other. For instance, Theorem 7 can

also take this form:

L_i_tan*l 2L2n+3 — tan71 ZE)1+2 +tan*1 2F’2n+3

1

tan

2n 4n+3 4n+2 4n+d
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Part 5: Positive Integral solutions of cot™' h+cot™' c=cot™ a

For understanding that in what kinds of situations the overlapping grids are
meaningful, first, we discuss diagrams generalized from Theorem 1. We find that
cot”' b+cot™ ¢ =cot™' a has positive integer solutions if and only if ab+ac+1=bc

has positive integer solutions.

Similarly, Theorems 2 and 3 seek for solutions of ac+2ab+4=bc and
ab+2ac+2=bc.

Then we design a computer program to figure out 100 patterns of positive integer

solutions, and induce its regularity (Table one). Except the pattern of Fibonacci

numbers, there are still some other new patterns.

Fig 9.  Computer solutions of ab+ac+1=bc
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: .
c=(ab+1)/(b-a) s, e te o
clear end “4“:" g *

™

Fig 10.  Computer solutions of ac+2ab+4 =bc
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. » » »
»
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_ he * . ., .
: . $ * #*
E L L] - *
5% *
L] L ] LN ]
c=(ab+2)/(b-Za) N . e .
pre,  +

c=ab+L)/(b-2) % . : )
- R 3 o ' -
e ] + T . = s -

5% 3 * .
j5e"s "s » 'n. o LA
t1 L - » + 8
X
+ T -
g 4 st 0 @ . e
15 ] »
> ‘. :. L
iy
: A 3 b -
++ R *
+ P - *
g2 0, 0 i-=
+ TN
g e,
. 8

Fig 11.  Computer solutions of ab+2ac+2=bc
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a b c
5, B Fonia
n n+1 n+n+l
2n+1 2n+3 2n* +4n+2
F, Fyi/2 P
n 2n+1 2n° +n+2
n 2n+2 n+n+l

Table 1 Patterns of solutions
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I1I. Conclusion

The research covers several mathematical fields, including geometry, algebra,
trigonometry and number theory. In the first part, analytic geometry and trigonometric
algebra are applied to prove Hayashi’s three identities. We also succeed in
generalizing equations of Fibonacci numbers to equations of Lucas numbers and
general second-order liner recursive sequences. So far as we know, nothing like this
has been done. Now, by means of similar methods, we aim to obtain positive integer
solutions to ab+ac+1=bc, ac+2ab+4=bcand ab+2ac+2=bc.

Let a, b, ¢, be positive integers. If ab+ac+1=bc, ac+2ab+4=bcand
ab+2ac+2=bc,then cot”' b+cot” c=cot” a,cot” b+cot” c=cot'(a/2), and
cot™'(b/2)+cot " c=cot™ a. What are the solutions that can satisfy ab+ac+1=bc,
ac+2ab+4=bc,and ab+2ac+2=bc? We obtain the regulation table as follows:

a b c
£, B Foia
n n+l1 n+n+l
2n+1 2n+3 2n* +4n+2
A, P2 P
n 2n+1 2n° +n+2
n 2n+2 n+n+l
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IV. Future Investigation
Still, after this research is done, we find several potential topics for further study.

Visualization of solutions to Diophantine equations appears promising. The
following remaining works are to be studied in future:

1. The classification of all the integer solutions satisfying the following
equations:

(Dcot' b+cot' c=cot™ a;

(2)cot' b+cot c=cot™(a/2);

(3)cot'(h/2)+cot ' c=cot ™ a;

(4)cot"' b+cot ' c=cot™(p/q);

(5)cot " a+cot™'(b/c)=cot™ (d/e)+cot ' (f/g).

2. 3-D visualization of the solutions of the equation cot™ y+cot™' z=cot™ x.

3. This research combines the power of several branches of mathematics. The
stimulation derived from our work exceeds the sum from individual subject
matters taken together. We trust that many more topics in mathematics can
be explored this way.
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Accessories 1:

graphics = 88, 116, 520, 462, , 66, 87, 498, 433, C
pset = 110, 145, 537, 491, Z, 88, 116, 515, 462, C

VERSION 5.00

Begin VB.Form Forml
AutoRedraw = -1 'True
Caption = "Forml"
ClientHeight = 4545
ClientLeft = 60
ClientTop = 450
ClientWidth = 6630
LinkTopic = "Forml"
ScaleHeight = 5
ScaleMode = 0 ’EDEﬁﬁﬁﬁWﬁﬁ
ScaleWidth = 5

End

Attribute VB_Name = "Forml"
Attribute VB _GlobalNameSpace = False
Attribute VB_Creatable = False
Attribute VB_Predeclaredld = True
Attribute VB_Exposed = False

Dim a, b As Integer

Dim ¢, j As Integer

Dim arr(100, 100) As String
Private Sub Form_Activate()

For a =1 To 100
For b =1 To 100
If (b - a) > 0 Then
c=(a*b+1)/ (b-a)

I[f Int(c) = ¢ Then
arr(b, a) = "O"
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Else
arr(b, a) = "X"
End If

Else
arr(b, a) = "X"
End If

Next
Next

Print Space(2); Str(l);
For 1 = 2 To 100

Print Space(l); Str(1);
Next

Print

For b =1 To 100
Print Space(Int(b / 10)); Str(b);

For a =1 To 100
Print Space(2); arr(b, a);

"If arr(b, a) = "X" Then
" PSet (b, a), RGB(255, 0, 0)
'End If

Next

Print

Next

Form2.Show

End Sub

VERSION 5.00
Begin VB.Form graphics
Caption = "graphics"
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ClientHeight = 6420

ClientLeft = 60

ClientTop = 450
ClientWidth = 8115

LinkTopic = "Form2"
ScaleHeight = 2

ScaleMode = 0 ’EﬂgﬁﬁﬁﬁWﬁﬁ
ScaleWidth = 2

StartUpPosition = 3 ’%iﬁ‘?ﬁﬁyﬂ@
Begin VB.CommandButton Commandl

Caption = "%ﬁﬁﬁ"

Height = 615

Left = 4200

TabIndex = 0

Top = 5640

Width = 1335
End

End

Attribute VB Name = "graphics"
Attribute VB _GlobalNameSpace = False
Attribute VB_Creatable = False
Attribute VB_Predeclaredld = True
Attribute VB_Exposed = False

Dim a, b As Integer

Dim ¢, j As Integer

Dim arr(100, 100) As Integer
Private Sub Form_Activate()

For a =1 To 100
For b =1 To 100
If (b - a) >0 Then
c=(a*b+1)/ (b-a)

I[f Int(c) = ¢ Then

arr(b, a) =1
Else
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arr(b, a) = 0
End If

Else
arr(b, a) = 0
End If

Next
Next

End Sub

Private Sub Form_Paint()
ScaleMode = 6

For b =1 To 100
For a =1 To 100
If arr(b, a) = 1 Then
PSet (3 * b, 3 * a), RGB(255, 0, 0)
End If
Next
Print
Next
End Sub

Private Sub Commandl Click()

Me .Hide
End Sub
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